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Abstract: A modified embedded atom method (MEAM) has been used to study the lattice dynamics and 

vibrational properties of CrW alloy. Using the MEAM potential the force-constants up to second 

neighbours for pure Cr and its dilute alloy with small concentration of W as substitutional impurity are 

calculated. The Phonon dispersions for dilute CrW alloy at 0.3%, 0.8% and 1.6 % concentration of W 

substitutional impurity have been computed and the obtained results are compared with the available 

experimental data. We have obtained a very good agreement with the experimentally measured results of 

phonon dispersions. With the application of obtained force-constants from MEAM potential, the local 

vibrational density of states in ideal crystal and its alloys using Green’s function method has been 

calculated. On the basis of the results of local vibrational density of states, the condition of resonance 

modes has been investigated. Using the calculated vibrational local density of states, the mean square 

thermal displacements of impurity atoms in CrW alloys are also calculated. 
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Introduction:  

 In view of the inadequacy of embedded atom 

method (EAM) model of Johnson & Oh 

(1989), an analytical modified embedded atom 

method (MEAM) was employed by Zhang et 

al (1996,1999) in which an additional term 

depending on sum of square of electron 

density has been included to resolve the 

problem of the negative Cauchy pressure in 

Cr. This model has been widely applied to 

bulk systems and it has shown an ability to 

describe several physical properties of metals 

including of Cr and their alloys (Zhang et al op 

cit, Hu et al 2002a,b, Yuan et al 2003, Zhang 

et al 2003, Deng etal 2004, Zhang et al 2006). 

Hu et al (2002a) have applied an analytic 

MEAM model proposed by Zhang et al (op 

cit) to calculate the phonon dispersions and 

some point defect properties of bcc transition 

metals. The vibrational properties of CrW 

alloys in which W is introduced as 

substitutional impurity with its very small 

concentration 0.3%, 0.8% and1.6% was 

investigated experimentally to explore the 

possibility of resonance modes by 

Cunningham et al (1970) and found the 

expected resonant behaviour. The 

experimental results show a decrease in the 

frequencies after adding substitutional heavy 

impurity W compared with the phonon 

dispersions of pure Cr crystal. Theoretically, 

Garg et al (1984), and Imaizumi and Sukla 

(1993) have made the calculation of phonon 

dispersions and compared their results with the 
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experimental results of Cunningham et al (op 

cit). It was found that the calculation of 

dispersion curves of CrW alloys obtained by 

Imaizumi and Sukla (op cit) show better 

agreement with the experiment compared to 

the results of Garg et al (op cit) In our present 

study, we have used the MEAM potential to 

compute the phonon dispersion curves at three 

different concentrations of W for CrW alloys 

in three symmetry directions (100), (110) and 

(111) and compared our results with the 

available experimental data (Cunningham 

1970). The obtained phonon dispersion curves 

are found to be in good agreement with the 

experimental results. In our earlier studies of 

vibrational properties of vacancy in transition 

metals (Gairola et al 2013,2014), we have 

investigated the local density of states, 

vacancy formation entropy and mean square 

thermal displacements in bcc metals. As a 

result of substitution of the impurities in the 

pure metals, apart from the change in physical 

properties of metals, there is a possibility of 

excitation of characteristic modes. These 

characteristic modes, i.e., resonant or localised 

modes are observed as resonant peaks at lower 

frequencies or additional peaks at higher 

frequencies in the local density of states. In the 

presence of heavy impurity, as in the present 

case, or weak interactions between host and 

impurity atoms, there is a strong possibility of 

occurrence of resonant modes. The local 

density approach has been used to investigate 

the resonant vibrational behaviour in the 

metals (Dederichs and Zeller 1979 ). Rath and 

Ram (1989) have also presented the study of 

local density of states, resonant and local 

modes vibrations of substitutional impurities 

in RbCl and KBr. As regards the local density 

of states of substitutional impurities, several 

studies have been made by Semalty and Kapil 

(2005), Semalty (2006) and Semalt  et al 

(2006) in fcc metals by considering the pair 

potential term only. An investigation of 

vibrational properties of crystals with self-

interstitial point defects has also been made by 

Pohlong and Ram (2005) using EAM. In 

general EAM potential are quite successful in 

dealing with static properties of defects such 

as formation energy where large distortions 

around defect atom are there. However, these 

potentials are not so successful (Pohlong and 

Ram, 1998) in understanding the situations 

where small displacements are involved such 

as lattice vibrations. It is of some interest to 

use MEAM potential to study the lattice 

vibrations and properties of substitutional 

impurities. As the accuracy of the inter atomic 

potentials greatly affects the results related to 

various physical properties, in our present 

calculation we have followed the modified 

form of an EAM model employed by (Hu et al 

2002a) in which the detail procedure for 

computing the MEAM potential parameters of 

pure bcc transition metals has been presented. 

In an attempt to gain deeper insight into the 

nature of point defects and to provide useful 

information for the interpretation of impurities 

in the transition metals, in the present work, in 

addition to the concentration dependent 

phonon dispersions of CrW, we have also 

investigated the vibrational local density of 
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states and mean square thermal displacements 

of W substitutional impurity atoms in the alloy 

using MEAM potential and compared the 

results with that of host metal Cr.

Theory: 

MEAM Model: 

The total energy in the MEAM model (Zang et al op cit) can be expressed as: 

          (1) 

where                                                              (2) 

is the embedding function and     

 

(3) 

 is the  pair-potential function [4].       

The additional energy modification term is: 

.                     (4) 

Force-constants can be obtained from the total energy as: 

 

                       

,      (5)  

where  are the  atoms numbers  and  are the Cartesian coordinates. 

For alloys the force constants at different concentration can be obtained by the linear relation: 

  ,         

(6) 

where A, B are host (Cr) and impurity (W) atoms and  is the concentration of 

substitutional impurity. 
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The phonon dispersions are calculated by 

diagonalizing the dynamical matrix, obtained 

from the Fourier transform of the force-

constant tensor .  

Local density of states: 

Local density of states has been discussed in 

detail by Dederichs et al (1979). The density 

of states of individual atom which is either 

host or impurity is called the local density of 

that particular atom. The total density can be 

expressed in terms of the sum of densities of 

states of all atoms present in the lattice. For 

the calculation of the local density of states of 

the substitutional impurities, we have used the 

Green’s function method of Ram (1991). 

Local density of states can be expressed in 

terms of the imaginary part of Green’s 

function of the defect lattice.

Assuming the presence of single impurity the Green’s function of imperfect lattice in terms of ideal 

lattice Green’s function, may be written as: 

            (7) 

Where, is the perturbation matrix due to single impurity. 

The   condition of the occurrence of resonance or localized mode may be given by: 

              (8) 

where is the real part of the denominator . 

In case of resonance we get an increase in the local density of states in lower frequency region. The 

local density of states of an atom l in pure lattice and in a lattice with substitutional impurity in  

direction can be expressed (Ram 1991) by the following expressions:    

   

     

        (9) 

and 

.     

       (10)   

where  and  are the imaginary parts of ideal and defect Green’s function. 
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Mean Square thermal displacement:      

The mean-square thermal displacement of impurity and host atoms is another important property to 

know about the vibrational behaviour of alloys. The mean square thermal displacements can be 

expressed in terms of the local density of states of the atoms:   

,       (11) 

where  , then 

       (12) 

As shown in eq.(12), the mean square displacements is an integral of local density of states and in the 

presence of heavy substitutional impurity W atoms, mean square  thermal displacements would 

reduce  compared to that of host Cr atoms. 

 As for temperature dependence, at very low temperatures, 

        (13) 

and at high temperatures 

       (14) 

We can see that the mean square displacement at high temperatures is especially large and increases 

linearly with temperatures due to increased thermal population of low-frequency modes. 

Results and discussions: 

The potential parameters and input data used 

in the calculation of MEAM potential are 

taken from (Zhang et al 1999). The model 

parameters 𝜎 and k’s (Eq. 3) were obtained 

analytically by fitting to the experimental 

elastic constants, cohesive energy, formation 

energy and lattice constant. With the help of 

these parameters the pair potential, embedded 

part and modified term are calculated taking 

only up to the second neighbour distances 

from impurities. Total energies of perfect 

crystal and crystal with substitutional impurity 

have been calculated using MEAM potential 

parameters and from the expression of total 

energy, corresponding force-constants are 

obtained. To compute the phonon dispersions 

for CrW alloys we have used force- constants 

obtained from equation (5). The phonon 

dispersion curves for Cr0.3%W, Cr0.8%W, 

and Cr1.6% W (Figs. 1-3) are obtained for 

three symmetry directions (100), (110) and 
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(111) and compared with the experimental 

results of (Cunningham 1970) available only 

in two symmetry directions (100) and (110).  

 

 

0.0 0.5 1.0
0

2

4

6

8

10

12

1.0 0.5 0.00.0 0.5

 Cal

 Exp

T

L

F
r
e
q

u
e
n

c
y
(T

H
z
)

Reduced Wave Vector  (=q/q
max

)

(100)

Cr 0.3% W

 

 

T

L

(111)

 

T
2

T
1
 

L

 

(110)

           

0.0 0.5 1.0
0

2

4

6

8

10

12

0.0 0.5

  Cal

 Exp

T

L

(100)

Cr 0.8% W

 

T

L

(111)

T

T
1

L

(110)

F
r
e
q

u
e
n

c
y
(T

H
z
)

Reduced Wave Vector  (=q/q
max

)

 

Fig. 1: Phonon dispersions for Cr0.3%W         Fig. 2: Phonon dispersions for Cr0.8%W 
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Fig. 3: Phonon dispersion for Cr1.6%W                       Fig. 4: Local density of states 
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The calculated results show a very good 

agreement with the experimental results except 

near the zone boundary in (110) direction and 

obtained an overall improvement compared to 

the earlier calculations (Garg et al 1984, 

Imaizumi and Sulkla 1993 ). In order to further 

investigate the condition of resonant modes, 

we have calculated the local density of states 

using Green’s function method.  To compute 

ideal lattice Green’s function, the required 

phonon data of Cr are obtained from (Shah 

and Muhlestein 1971 ) derived on the basis of 

the Born-Von-Karman fit to measured 

phonons in neutron scattering experiments. In 

the calculation of Green’s functions, we have 

followed the modified Gilat-Raubenheimer 

method (Gilat and Raubenheime 1966). In the 

calculation of the frequency spectrum (local 

density of states) of pure Cr (solid curve) and 

impurity atoms (dotted curves) shown in Fig. 

(4), we have used the force-constants directly 

obtained from the MEAM potential using Eq. 

(5). 

The calculated vibrational local density of 

states of host Cr shows the similar behaviours 

shown by this metal obtained on the basis of 

the Born-Von Karman fits to neutron 

scattering results. The local density of states of 

impurity atoms W shows an overall shift in the 

frequency spectrum towards lower frequencies 

and a prominent resonance peak is observed at 

ω= 4.44 THz. This is an expected behaviour, 

keeping in view the heavy mass of impurity 

(more than three times) compared to that of 

host Cr. To observe the condition of resonance 

the calculation of local density of states is 

presented only for Cr1.6%W as for other 

concentrations i.e., 0.3% and 0.8%, the results 

are almost similar due to very small changes in 

the force constants. As shown in Eq. (7), the 

defect Green’s function, used in the 

calculation of local density of states, is directly 

affected by mass change and force-constant 

changes. Therefore, the increase in the local 

density of states at lower frequency in CrW 

alloy could be attributed to strong mass 

difference and weak coupling. This expected 

behaviour of vibrational local density of states 

of bcc transition metal alloys is similar to that 

obtained for the fcc alloys (Semalty et al 

2006). 

The presence of resonant mode in the lower 

frequency region in CrW alloys investigated in 

the present study is in accordance with the 

general theory of vibrational properties of 

point defects (Elliott and Maradudin 1965, 

Maradudin et al 1971, Behra and Deo 1967). 

The mean square thermal displacements 

(Fig.5), vary linearly with temperature and a 

decrease in the mean square displacement of 

atoms in the alloy compared to the Cr atoms in 

the pure metal is observed. This behaviour of 

mean square displacement in the presence of 

heavy impurity has been reported earlier in the 

study of NbMo alloys by Powell et al (1977). 

The overall large decrease in the mean square 

displacement of W atoms is mainly due to the 

strong mass defect. 
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Fig. 4: Mean square thermal displacements 

Conclusions: 

We have carried out detailed theoretical 

calculation and investigated the lattice 

dynamics and vibrational properties of CrW 

dilute alloy. The force-constants for CrW dilute 

alloys are computed by using second-neighbour 

MEAM potential model. The obtained force-

constants are used to calculate the phonon 

dispersions at three different concentrations of 

W. Further, vibrational local density of states 

and mean square thermal displacements of 

atoms in pure Cr and CrW alloy have also been 

computed. As a result of alloying, the role of 

the mass defect and force-constants change in 

the vibrational properties of CrW has been 

investigated. The phonon dispersions obtained 

on the basis of MEAM potential shows a very 

good agreement with the experimental data. 

The observed resonance condition is consistent 

with the general theory of vibrational behaviour 

of point defects. 
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